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SPECTRAL MEASURES GENERATED BY ARBITRARY AND RANDOM 

CONVOLUTIONS 

DORIN ERVIN DUTKAY AND CHUN-KIT LAI 


Abstract. We study spectral measures generated by infinite convolution products of discrete 
measures generated by Hadamard triples, and we present sufficient conditions for the measures to 
be spectral, generalizing a criterion by Strichartz. We then study the spectral measures generated 
by random convolutions of finite atomic measures and rescaling, where the digits are chosen from a 
finite collection of digit sets. We show that in dimension one, or in higher dimensions under certain 
conditions, “almost all” such measures generate spectral measures, or, in the case of complete digit 
sets, translational tiles. Our proofs are based on the study of self-affine spectral measures and tiles 
generated by Hadamard triples in quasi-product form. 
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1. Introduction 

Let // be a compactly supported Borel probability measure on and let (•,•) and (•, 
denote respectively the standard inner product on and The measure /r is called a spectral 

measure if there exists a countable set A C called spectrum of the measure p,, such that the 
collection of exponential functions E{K) := |e27ri{A,a;} ; y g A} forms an orthonormal basis for 
L‘^{p). If we define the Fourier transform of p to be 

m = I 

then E{A) is an orthonomal basis for p if and only if 

(i) (Mutual orthogonality) p{X — A') = 0 for all A 7^ A' G A. 

(ii) (Completeness) If (/, = 0 for all A G A, then / = 0, /i-a.e. 

If only condition (i) is satisfied, then we say that A is a mutually orthogonal set. 


2010 Mathematics Subject Classification. 42B10,28A80,42C30. 

Key words and phrases, spectral measure, infinite convolution, tile, self-affine. 

1 







2 


DORIN ERVIN DUTKAY AND CHUN-KIT LAI 


Classical spectral measures were first introduced by Fuglede |Fug74| when he studied his famous 
conjecture stating that x^idx is a spectral measure if and only if H is a translational tile. Although 
the conjecture was proven to be false eventually in general |Tao04l IKM06] . this conjecture has 
generated a lot of interest (see |LW96[ILW97blIIKTOIIIIK131IJP991 IKolOO] and the reference therein) 
and it is related to the construction of Gabor and wavelet bases |LW03l IWan02| . The studies 
entered into the realm of fractals when Jorgensen and Pedersen discovered that some singular fractal 
measures can also be spectral |JP98| . Since then, singular spectral measures has been an active 
research topic which involves constructing new examples |LW02l IStrOOl IDJ07] , classifying classes of 
measures which are spectral [HL081 lDail2] and classifying their possible spectra |DHS09[ IDHL13] . 
It was surprising to find that the convergence of the associated Fourier series is uniform in the 
space of continuous functions [Str06| . All the constructions of singular spectral measures, in the 
literature, to the best of our knowledge, are based on the Hadamard triple assumption. 


Definition 1.1. Let R G Mrf(Z) be an dx d expansive matrix (expansive means that all eigenvalues 
have modulus strictly greater than 1) with integer entries. Let i?, L C and 0 G i? H L be finite 
sets of integer vectors with N := denotes the cardinality). We say that the system 

{R, B, L) forms a Hadamard triple if the matrix 


( 1 . 1 ) 







is unitary, i.e., H*H = I. 


Given a discrete set A C we define the discrete measure on A by 




1 


E4 

aeA 


where 5a is the Dirac mass at a. From a direct observation, we can easily see that {R, B, L) forms 
a Hadamard triple if and only if the discrete measure is a spectral measure with spectrum 

L. Singular spectral measures have been constructed by infinite convolutions of these discrete 
measures. To put it in the most general sense, suppose that we are given a sequence of Hadamard 
triples {Ri, Bi, Li), i = 1,2,.... Then we define 


— Rn‘“Rl 


and the probability measure induced by these triples as 

( 1 . 2 ) p. = p.{Ri, Bi) = * ■■■ * * ■•••’ 

assuming the infinite convolution product is weakly convergent to a Borel probability measure. 

It is easy to show that the measure has an infinite mutually orthogonal set 

(1.3) A = Li + R^L 2 + ... + {Ri R 2 ■■■R'^—i)Lji + ... 

The spectral property of these measures was first studied by Strichartz [StrOPj . in which the sequence 
{{Ri,Bi)} was called a compatible tower, and it has received a lot of attention recently since all 
measures arising from factorization of Lebesgue measure on [0,1]“^ are of this type [GL14j and it 
gives rise to spectral measures with support of arbitrary dimensions [DS15| . We also note that if 
all Ri = R and Bi = B for some expanding matrix R G M(i{'L) and B C then the measure 

(1.4) 


L = LR,B = 5ji-iB * 5b-2b * * dji-riB * •••■ 
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is reduced to the self-affine measure generated by the maps rft(x) = R + h), see |Hut81] . It 
was recently proved by the authors, by suitably modifying L, that all self-affine measures generated 
by Hadamard triples are spectral measures [DL151 |DHL15| . In this paper, we study the spectral 
property of these arbitrary convolution and then a special case of random convolution with finitely 
many choices of Hadamard triples, chosen in a random order. 

Arbitrary convolutions. We first generalize the Strichartz criterion for A in (II. to be a 
spectrum for /i. For /i and A in (II.2p and (II.3p . we define 


and 




Kn = \ ^ : hk ^ bA ,'Bn = I'^'R-k^bk : hk e bA . 


, k=n+l 


.k=l 


Hence, Kq = -(- Kn) and Kq, Bn, Kn are respectively the support of and fiy>n- We 

will also use the notation T{{Ri, Bi}) for the support Kq of the measure /r. 

We say that // satisfies the no overlap eondition if 

fi{{hn + Kn) (H {h'n + Kn)) = 0, for all e B„, for all n G N. 

For A in (USD, we also define its n*^-level approximation. 

Kn — Li + Ri L 2 + ... + RJ^R 2 ■■■R^—iLn- 

It is easy to see that = #A„ = 0^=1 Fro™ this, we consider the following matrices 

Y JVI72 L J AEA 7 T,,bGBTT, 

Recall that the singular values of Kn are the eigenvalues of KnTn and we denote by aifFn) the set 
of all singular values of Tn- 


Our first main result is as follows: 


Theorem 1.2. Suppose that the measure pL in / |j.il|) satisfies the no-overlap eondition and that pL 
is eompaetly supported. If info mincj(Jfo) > 0, then K is a spectrum for pL. 

In particular, i/info inf a6A„ > 0, then K is a spectrum for pi. 

We remark that the assumption that the measure pL is compactly supported ensures that the 
family of step functions is dense in IP‘{pl) and the no-overlap condition is also necessary to ensure 
that ffiKn) = 1/M„. In fact, if the no-overlap condition is not satisfied, fi can be non-spectral (see 
Example 11.81) . 

Random Convolutions. In the second part of the paper, we consider Ri = R for all i with R is 
a fixed integral expanding matrix. Let also B{1 ),...., B{N) be a finite collection of sets in with 
0 £ B{i) and fi^B{i) = M(< | det R\), for all i, so that {R,B{i), L) form Hadamard triples for all i. 
Note that the set L is the same for all i. 

Let uj = UJ 1 UJ 2 ■ ■ ■ be an infinite word in {1,... , A}^. The measure pL in ()1.2p is now read as a 
random convolution of discrete measures scaled by R. 

(1-5) h'ui = R) := * ^R-2B(aJ2) * - 
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Some special cases of these measures were studied by He et al. [AHLlSal lAHLlSb] , We will see 
that spectral measures exist in abundance in the setting of random convolutions. To be precise, we 
treat as independent random variables with values 1 ,..., A^, with equal probability 1/A^, and P 
is the product probability on {1,A^}^. i.e. 

(1.6) P(wi = h, ...,LOk = ik) = V/c G N, n, ■•,4 G {1,..., A^}. 

The main important observation is that measures in (II.Sp can be put together in the fibres of the 
self-affine measures generated by a Hadamard triple in quasi-product form. 


Definition 1.3. Given the Hadamard triples {R, B{i), L), i = 1,...,A' and #B{i) = M. We 
associate the matrix R and the sets B and L with the following form: 


(1.7) 


Ri 0 
C R ’ 


where Ri G Mr(Z), R G and C G Mrf^j.(Z). Let 


( 1 . 8 ) 


B = 


di 
di j 


: i G {l,...,N},dij G B{i) 


where ai G Z'', dij G Z'^ and oi = di^i = 0, for all i,j. 

Suppose L = Li X L with Li C Z'’, L C Z'^ and {Ri, Hi := {oj :l<i<A^},Li)isa Hadamard 
triple. Then we say that (R, B,L) is in quasi-product form on associated with {R, B{i), L), 
1 = 1, The self-affine measure associated with (R, B,L) is the measure defined by 


* ^R-2B * ••• * (^R-^B * •••• 

We denote also by ni the self-affine measure associated with (i?i,Hi) defined in (II. 4p . 


Theorem 1.4. Let [R,B{i),L), i = 1, be the Hadamard triples and (R, B,L) he the triple in 

quasi-product form associated with {R,B{i),L) in Definition M.tA Assume Ai is a spectrum for ni 
and let A 2 be a subset ofW^. Then Ai x A 2 is a spectrum for /tr^b if only if A 2 is a spectrum 
for pL^, 'F-almost surely. 

With the theorem above, we will construct a spectrum of the form Ai x A 2 for /tr.b in some 
associated quasi-product form. Under two different assumptions, we have the following conclusion: 

Theorem 1.5. Let {R,B[i),L), i = 1,...,A^, he the Hadamard triples. Assume that one of the 
following condition holds: 

(i) the Hadamard triples {R, B{i), L) are on i.e. R is an integer. 

(ii) Each B[i) is a complete set representative of R 

Then there exists a set A such that A is a spectrum for for ¥-almost every 00 . 

Moreover, in the case (ii), there exists a lattice T such that the support T{{R, B{ik)}k) of the 
measure tiles by T and is the normalized Lebesgue measure on T{{R, B{ik)}), for F-almost 
every tv = (xiX 2 ...). 

Definition 1.6. We say that a Lebesgue measurable set T tiles by a set H, if (T -(- t)t^j- is a 
partition of up to Lebesgue measure zero. 
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The proof for the first case involves one of the canonical spectra in spectral measnres theory. 
These are studied in [D J061IDJ071 ID J09] . We call it here the dynamically simple spectra (Definition 
13.81) . We will summarize this in a separate study in the appendix of this paper. Theorem 11.51 
perhaps hints towards a conjecture about random convolutions. 

Conjecture 1.7. Let {R,B[i),L), i = be the Hadamard triples onW^. Then some asso¬ 

ciated quasi-product form admits a spectrum of the form Ai x A 2 and hence A 2 is a spectrum for 
fiuj, F-almost surely. 

Theorem 11.51 showed that the conjecture is true on and in the case when we can construct a 
quasi-product form self-affine tile. In the end of the introduction, we illustrate Theorem 11.51 by an 
example. It is very interesting to notice, that some simple infinite convolution products, are not 
spectral. This sheds some light on our results that show that “almost every” infinite convolution 
is a spectral measure. However, not all of them as we see in the next example. 

Example 1.8. Let R = 2 and B{0) = {0,1} and B{1) = {0, 3}. As each B(i) is a complete residue 
modulo 2. Theorem 11.51 shows that, almost surely, 

hw = * <^B(a;2)/22 * 

is a spectral measure with a common spectrum Z. However, if we consider a special case with 
Lo = 01111 ..., we see that the measure 

= '^{0,l}/2 * -^[0,3/2]) 

where ^[ 0 ^ 3 / 2 ] is the normalized Lebesgue measure supported on the interval [0,3/2]. Thus, in 
the first level, the no-overlap condition is not satisfied. Moreover, the measure is absolutely 
continuous with respect to the Lebesgue measure, but it is not spectral as the density is not 
uniformly distributed |DL14j . Despite this specific example, the measures pLu, are spectral, for 
almost all to G {0,1}^, by Theorem 11.51 

One may also refer to [AHL15al IAHL15b] for some deterministic examples in which the random 
convolution is spectral everywhere. However, strong assumption on L is required and it does not 
cover Example 11.81 

We organize our paper as follows: we study arbitrary convolutions in Section 2 and random 
convolutions in Section 3. In the appendix, we study the dynamically simple spectrum used in 
Section 3. 


2. Arbitrary convolutions 

Given a sequence of Hadamard triples {{Ri, Bi,Li)} with measures // defined in (|I.2p . its Fourier 
transform is easily computed as 

CX) 

n=l 


We first note that 

Lemma 2.1. The set A in D.,91) is a mutually orthogonal set for pL. 
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Proof. This was proved in Strichartz [StrOOi Theorem 2.7]. In short, it follows from the fact that 

have mutually orthogonal rows, and so 


the Hadamard matrices 

V 

does the matrix 


VMr, 


^27Ti{R ^b,i) 

- ££Li,b^Bi 
g-27ri(R-"b,A) 


AgAti ,bGBr; 


□ 


Recall that we can write the support of /r, Kq, as 
(2.1) ^0= U (h + Kn). 

beB„ 

Denote by i7b = b + Kn and by the characteristic function of Kx,. Let 

= < ^ rcblxb : i«b e C 

[beB„ 

Sn denotes the collection of all level step functions on Kq. As 

Kn= {n-l,h + Kn+l) 

bes„+i 

and 0 € for all n, we have 5i C ^2 C . Let also 

CX) 

5 = U ^n. 

n=l 

Lemma 2.2. If n is compactly supported, then S forms a dense set of functions in 

Proof. Take first a continuous function / on Kq and e > 0. Since Kq is compact, the function / is 
uniformly continuous. We can find m large enough such that the diameter of all sets ATb, b G Bm, 
is small enough so that |/(x) — f{y)\ < e for all x,y £ Ky^. Consider g = X)beB /(b)!^'^' 
easy to see that supa-gj^^^ l/(®) “5'(3j)l < Hence, S is uniformly dense in C{Kq). As /z is a regular 
Borel measure, S is dense in L?‘{g). □ 



Lemma 2.3. Let f = X)beB„ ^blRb ^ and let w = (rcb)beB„- Denote by 
norm on . Then 


( 2 . 2 ) 



1 


Wh 


2 


(2.3) 


(Recall that M„ 
(2.4) 


Ni...Nn). Moreover, 


b^Brj 


E 

AgAtt, 




M, 


l-TnWl 


the Euclidean 
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Proof. Note that 


(2.5) n{Ki,) = j lK^,{x)d{^ln * fj->n{x)) = [ lb+R,(b' + y)d^i>n{y)- 

J n ”b'eB„,bVb'^ 

This implies that /.t(i^^b) ^ 1/Mn for all b S B„. On the other hand, because of the no-overlap 
condition and (12.ip . 

l = f,{Ko)=fl{ U Mi^b). 


,beB^ 


beB„ 


If fr{Kb) > 1/M„ for some b e B„, then Ylh&Bn d-i^h) > Ij which is a contradiction. Hence, 
all A'b, b S B„ have the same /r-measure 1/M„ and (12.2p follows from a direct computation. For 
(m, we note that ()2.5p now becomes 


1 


1 1 


M, 


= KKh) = / lKi,{x)d{Hn * Ai>n(a;)) = ^ + 


M„ M,, 


E 


'-h+K, 


{W + y)di^>n{y) 


b'GB„,bVb 

since supp /i>n = K^. Thus, J Ib+R-^Pb' -h y)dy.yn{y) = 0 and lb+A:„(b' -h y) = 0 y>n-a.e. Hence, 


bGBrj 


I /(a;)e-2-<fo")d/r(x) = Y J *//>n(x)) 

lb+A'„(a; + 

E ”'»jT f Y. lb+jr„(b' + !,)e-2'‘("’'>'+»>df>„(9) 

I'cr! " -I b'eB„ 


bGBn, 


bGBn 




beB 




^(A) ^ .-2^db,A> 


Whe 


beB„ 


Thus (j2.3p follows. Finally, we have 


(2.6) 


E 

AgA^ 






AGAtj 


Y ^be 

bGBn 


— 27 r^{b, A) 


V 

M„, 


AGAtj 


Z ^«b|/A;(A)|e-2-<b,A) 
bGBn 


M, 


I TT 11 2 
KnW|| , 


and (|2.4I) follows. 


□ 


We are now ready to prove our first theorem. We recall a standard fact of matrix analysis: If A 
is a self-adjoint matrix and Amin is its minimum eigenvalue, then 

Amin = min (Hw,w). 

||w|| = l 
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Proof of Theorem \1.2l Suppose first that cr := inf„ miner(J>i) > 0. For all / G by equations 
(j2.2l) and (j2.4l) in Lemma 

I- 2 


E 




= M. 


L(j;j-„w,w)>^a||w||2 = „y' I/I- 


dfi. 


As / G C 5m for all m > n, we apply / to the inequality for m and obtain 

2 


AeA^ 


Taking m to infinity and using the fact that A = IJm=i we have 


E 

AeA 




>a l/pd/x. 


As 5 forms a dense set, the above inequality is actually true for any / G This establishes 

the completeness of A in L’^in). 

Let 6 = inf„ inf;vgA„ |/^^(-^)|- We now prove the special case. This follows from a direct obser¬ 
vation that 

||-F„w|p > (5^||H„w|p = (5^||w|p 

where H„ = -7= g, Hadamard matrix. Hence, a > 6'^ > 0. □ 

" VM„ L JAeA„,beB„ ’ — 


Remark 2.4. We note that the theorem generalizes the result of Strichartz [StrOOl Theorem 2.8], 
which asserted that if the Hadamard triples (i?/, Hj, L/) are chosen only from finitely many choices, 
and the zero sets Zi of the functions 

= V E 

beBi 


are separated from the set 

= (R^)-i (Li + rJL2 + ... + {RjR^...Rl_,)Ln) 

by a distance (i > 0, uniformly in n. Then the measure fi{Ri,Bi) is a spectral measure. Indeed, 
this assumption implies inf,iinfA6A„ |/-^>n(A)p > 0. To see this, we note that 


CX> 

k=n-\-l 


As there are only finitely many Bi, T^ lies inside a compact set independent of n. Prom the fact 
that = 1 and that (R^)“^A decays to zero exponentially, we can find a ki, independent 

of A G A„ such that n^n+fci+l kBfc((Rfc ) ^A)p is uniformly bounded below by some constant 
c > 0. For the first ki terms, the assumption on Zi guarantees they are bounded away from 6'^^, 
for some 6' > 0. Thus, 

inf inf |/I^(A)|^ > 6'^^c > 0. 
n XeAn 
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3. Random convolution 


In this section, we study random convolutions of discrete measures generated by Hadamard 
triples. We first show that quasi-product forms generate Hadamard triples. 

Proposition 3.1. //(R, B,L) is in quasi-product form as in Definition 1 1.31 then (R, B,L) is a 
Hadamard triple on 


Proof. We have that R ^ is of the form 
(3.1) 


R"^ = 


0 


D R 


-1 


for some matrix D. Consider b = 


d. 




/b' = 


CLif 
dij^i ^jf 


and 


^GL 

h&Li i2&L 

^-2■Ki{R^^^{ai-a'^) ,li) | _ / ,£2) + {R2^ j,), h)) j 

V^^iGLi J \f2&L2 

li i ^ i' then A{{i,j), (i',/)) = 0 because (Ri,Ri,Li) is a Hadamard triple. If i = i', then 

Al((z,j),(i',/)) = iVi y] = 0, 


because (ii 2 ) ^ 2 ( 1 ), L 2 ) are Hadamard triples for alH. This shows that the matrix e 
has mutually orthogonal rows and hence (R, B,L) is a Hadamard triple on 


JteL.bGB 
□ 


We now derive and collect the necessary information about the self-affine measure generated by 
the quasi-product form in Definition 11.31 These properties were all considered in |DJ07| . First, we 
note that 


R”^ = 


R 


-1 

1 


0 


and, by induction. 


R-^ = 


^Rf^ 0 
Dk R-^ 


-R-^CRf^ R-i 


k-l 


, where Dk := 

j=0 


The support of the self-affine measure fi defined by R and B is given by 
(3.2) r(R,B) = |^R-'=bfc:bfceBl. 


.fc=i 
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Therefore any element {x,y)'^ G r(R, B) can be written in the following form 


k=l k=l k=l 

Let Xi be the attractor (in M^) associated to the IFS defined by the pair i.e., 

Xi = r(Ri,Bi) = : bfc G 5i| ■ 


Let yii be the (equal-weighted) invariant measure associated to this pair. 

For each sequence uj = (fiZ 2 ...) G {1,..., N} x {1,... , A^} x define the map 

vr : rii —)• Xi by 


(3.3) 




-k. 




k=l 


As {Ri,Bi) forms a Hadamard triple with Li, the measure /ii has the no-overlap property [DL151 
Theorem 1.7]. It implies that for /ii-a.e. x G Xi, there is a unique uj such that 7 r(w) = x. We define 
this as TT~^{x). This establishes a bijective correspondence, up to measure zero, between the set 
111 :={!,..., A^}^ and Xi. For details about the correspondence, one can refer to [KigOl Section 
1.4]. The measure /ii from Xi is pulled back to the product measure P defined in (11.61) . i.e. 


fJ-i = 


O TT 


For UJ = (fiZ 2 ...) in rii, define 

^2(w) := {(djj^ ... di^j^ ...) : jk G {1,..., M}}. 

For UJ G fli, define < 7 ( 0 ;) := Dkai^. Also define 

X2{uj) := ^ik,jk ■ G -6(*fc)|' • 

Note that T(R, B) takes the following form 

r(R,B) = {{7r{uj),g{uj) + y)'^ : uj e ni,y G X 2 {uj)}. 

For X G Ai, up to a /ii-measure zero set, F, we can write uj = it~^{x) = (iii 2 ---} and we can 
define 71 ^ to be the infinite convolution product defined by yta: in dl-Sp . i.e. 

nl = = * ^R-^B2{i2) * ■■■■ 

with the support of equal to X 2 {x) := X 2 {tt~^{x)). 

The following lemmas, established in |DJ07| . are the key identities for our analysis. 

Lemma 3.2. |DJ07[ Lemma 4.4] For any bounded Borel functions on the self-affine measure 
/iR,B satisfies 


It{r,b) 


f dftR.B = / / 

4Xi Jji 


Xi 7X2 (x) 


fix, y + gix)) dfiliy) dmix). 
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Lemma 3.3. |DJ07[ Lemma 4.5] If Ai is a spectrum for the measure fii, then 
F{y) ■= lAR3(a; += /" \p1{y)\‘^ dpi{s), (x G y e 

AiSAi 

We recall also the Jorgensen-Pedersen Lemma about checking when A is a spectrum for p. 
Lemma 3.4. |JP98| A is a spectrum for a probability measure p on if and only if 

QiO := j;i/ 2 (^ + A)|2^1. 

AeA 

Moreover, if A is an orthogonal set, then Q is an entire function on with 0 < Q{x) < 1 for 
X G 

Proof of Theorem [13 Assume that A 2 is a spectrum for p^^ for P-a.e. u. Let 

= {w ; A 2 is a spectrum for 

Then P(i7 n (fli \ F)) = 1. The set of points x G Oi such that A 2 is a spectrum for p'^ is exactly 
equal to 7 r“^(x) £ E (1 (Oi \ F). This shows A 2 is a spectrum for p'^ for pi-a.e. x. We now check 
that Ai X A 2 is a spectrum for pu^B- For (x,y) G we have , with Lemma 13.31 and Fubini’s 

theorem, 

Y Y l/^R.,B(a; +Ai,y + A 2 )|^ = Y [ \hxiy + >^ 2 ) 1 '^ dpi{x) 

A1EA1A2EA2 A2EA2 



Thus Ai X A2 is a spectrum for /iR,B. 

For the converse, assume Ai x A2 is a spectrum for /iR,B. Take Ai / A'^ in Ai and A2, A2 in A2. 
Then 

0 = /Ir!b(Ai - A'l, A2 - A'a) = f pl{X2 - A2) dpi{x). 

JXi 

But Ai — A'^ is a spectrum for pi so /i^(A2 — A2) = 0 for pi-a.e. x. Since A2 is countable, this 
implies that A2 is an orthogonal set for p'^, for pi-a.e. x. and in particular 

( 3 . 4 ) Y^ \Tx{y + A2)P < 1 for all y G and pi-a.e. x. 

Then 


^ = Y Y I^R.3(3; + Ai,y + A2)|^ = Y Y 

AiEAi A 2 GA 2 A 2 GA 2 A 1 EA 1 


fXi 


e-'"{(Ai+")’'>J?(y + A2)dm(i) 


Y^ / lA?(y + A2)P dpi{f) (by the Parseval equality for the spectrum Ai) 


A 2 SA 2 


'Xi 


IXi 


Y \ytiy + >^2)\^dpi{t) < f 


1 = 1 . 


A 2 EA 2 
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But combining with (I3.4p . we get that, for a fixed y, 

l/^?(y + ^2)P = 1 

A 2 EA 2 

for /ii-a.e. t. As Q{y) := X]A 2 eA 2 + -^ 2 )^ is a continuous function, by Lemma [33] taking a 
countable dense set of y, we get that A 2 is a spectrum for fi^, for yi-a.e. t and this means A 2 is a 
spectrum, P-almost surely. □ 

In rest of the section, we will prove the spectral property result in Theorem ll.51 To this end, we 
need to analyze a dynamical system generated by the Hadamard triple, for a detailed account of 
this dynamical system see |DJ06[ IDJ07| . 

Definition 3.5. Let {R,B,L) be a Hadamard triple. We define the function 

fees 

The Hadamard triple condition implies that is a spectral measure with a spectrum L and 

rriB-iB is the Fourier transform of the Dirac measure. Lemma 13.41 implies that 

(3.5) ^ + £))p = l,or '^\mB{Ti{x))\‘^ = 1, 

e&L eel 

where we define the maps 

Te{x) = + £), {x € L), and o ... o 

A closed set K in is called invariant (with respect to the system [R, B, L)) if, for all x G iL and 
alH G L 

mBinix)) > 0 Ti{x) G K. 

We say that the transition, using I, from x to t^{x) is possible, if i £ L and mB{Ti{x)) > 0. A 
compact invariant set is called minimal if it does not contain any proper compact invariant subset. 
For ii,... & L, the cycle C{£i,... ,irn) is the set 

= {xo,Tl^ixo),Te^_,i^{xo), . . . , (xq)}, 

where xq := ... ,^m) is the fixed point of the map i.e. Ti^..i^{xQ) = xq. The cycle 

("^ 1 ; ■ ■ ■ ? ^ 771 ) ^s called an cxtTCTnc cycle fov B ^ if | tti ^ | — 1 for all x ^ C (^-^i , . . . , i^n ) • 


Remark 3.6. Here are some remarks about the properties of extreme cycles. 

(i) For any extreme cycles, the only possible transition is from xq to (xq) since |?LiB(r£^(xo))| 
1 and (j3.5p implies all other must be zero. 

(ii) Given any c in an extreme cycle C, we can always find another point in this cycle cf such 

that c = Ti{c') for a unique digit i defining the cycle. Iterating the process, for any n > I, 
c = for some d £C. Rewriting the relation, we have 

- c' = {R^T{-c) + 4 + +... + {R^T-^£n-i- 

In particular, {R'^)"'c is congruent modulo to another cycle point. 


(3.6) 
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(iii) If 0 G i?, we have 

(3.7) c) G Z, Vn > 0 and beB. 

First, \mB{c)\ = 1 implies that {b,c) G Z for all b € B (we have equality in a triangle 
inequality so all the terms of the sum that dehnes ms must be equal to 1, since 0 G i?). 
In general, from (|3.6I) and the fact that c' is an extreme cycle point, mB{c') = I and 
(6, c') G Z. As we know {b,l) G Z, so we must have c) = (6, {R^^c) G Z. 

The following theorem shows the structure of minimal compact invariant sets and we will use it 
throughout the rest of the paper. 

Theorem 3.7. [CCR,96t Theorem 2.8] Let M be a minimal compact invariant set contained in the 
zero set of an entire function h on M'^. 

(i) There exists a proper rational subspace V (can be {0}J invariant for such that Ai is 
contained in the union TZ of finitely many translates ofV. 

(ii) This union contains the translates ofV by the elements of a cycle C{£i,... ,irn) in -M., nnd 
h is zero on x -\-V for all x ^ C{ii,..., im)- 

(iii) If the hypothesis “(H) modulo V” is satisfied, i.e., (i?^)“^(ei — e'^) + (i?^)“^(e 2 — 62 ) + • • • + 
{R'^)~P{ep — ep) G V implies ei —e '^,62 — 63 ,...,Cp —e), G 17 for all ei,... ,ep,e[,... ,ep G L, 
then 

n = {xo + V, (xo) + 17,..., (xo) + 17} 

where xq = p{£i, ■ ■ ■ Im) and every possible transition from a point in A4n (r^^..x^(xo) + 17) 
leads to a point in M. (1 + 17) for all 1 < q < m, with £q = im- 

(iv) The union TZ is invariant. 

In particular, from (13.5p . extreme cycles are clearly compact invariant sets which correspond to 
the case 17 = {0} (if needed, we can always take the entire function h to be 0, in Theorem 13.7p . 
However, the extreme cycles are not the only minimal compact invariant sets (see |D,in7] for some 
examples). We isolate this special case in the following dehnition. 

Definition 3.8. We say that the Hadamard triple {R,B,L) is dynamically simple if the only 
minimal compact invariant set are extreme cycles. For a Hadamard triple {R, B, L), the orthonormal 
set A generated by extreme cycles is the smallest set such that 

(i) it contains —C for all extreme cycles C for {R, B, L) 

(ii) it satisfies i7^A + L C A. 

When this set A is a spectrum (see Theorem 13.91 below), we call it the dynamically simple spectrum. 

More generally, the set generated by an invariant subset A of M'^, is the smallest set which contains 
—A and satisfies (ii). 


Theorem 3.9. Let (R, B, L) he a dynamically simple Hadamard triple. Then the orthonormal set 
A generated by extreme cycles is a spectrum for the self-affine measure hr^b and A is explicitly 
given by 

A = {£o+72^^i+... {R^)"'~^in-i+{R'^)'^{—c) : £ 0 ,... ,£n-i £ L,n > 0, c are extreme cycle points}. 
Moreover, if {R,B,L) is a Hadamard triple on it must be dynamically simple. 
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Proof. This theorem combines results in |DJ06l IDJOTl IDJ09] . An independent proof will be given 
in the appendix of this paper. □ 


Our main theorem leading to main conclusion in the introduction is the following: 


Theorem 3.10. Assume that the Hadamard triple (R, B,L) is in a quasi-produet form defined in 
Definition If.31 with 0 = 0 and that (R, B, L) is dynamically simple. Let Ai he the orthonormal 
set generated by extreme cycles for {Ri,Bi,Li) and suppose that A 2 is the set generated by those 
cycles which are extreme for all triples {R, B{i),L), i = 1,..., Ni. Then Ai x A 2 is a spectrum for 
(R, B,L) and A 2 is a spectrum for p,uj for ^-almost every oj. 


Proof. As (R, B,L) is dynamically simple, we can define A to be the dynamically simple spectrum 
for the quasi-product form (R, B, L). We need to show that A = Ai x A 2 . In the proof, it is worth 
to note that |ms(x)| = 1 if and only if (6, x) G Z for all 6 G R, since 0 G R. 


We show first that A C Ai x A 2 . Property (ii) in Definition 13.81 shows that the sets Ai and A 2 


satisfy Rf Ai + Li C Ai and R!^A 2 -P L C A 2 . With R 


Ri 0 
0 R 


it is clear that 


(3.8) 


R'^(Ai X A2) + (Ri X L2) C Ai X A2. 


Thus we only have to show that Ai x A 2 contains —C for all extreme cycles C for (R, B,L) and 
then it follows from definition of A that A C Ai x A 2 . 


Let C = {xo,xi, ...,Xp-i} be such an extreme cycle of (R, B,L). Then there exists £ = (^ 1 ,^ 2 ) S 
Li X L 2 such that Xk+i = (R^)“^ [xk + (-^ 1 ,^ 2 )^) for all A: = 0,... ,p — 1 and Xp = xq. Writing 

Xk = {x^k\x^^'^), we must have and (^x^k^ + h'j for all 

k = 0,... ,p—l. Thus the first components form a cycle for (Ri,Ri,Ri) and the second components 
form a cycle for {R2 , B{i),L) for all i. From the property of extreme cycle, we have that {b , Xk) G Z 
for all 6 G B and A: = 0,1, ...,p — 1. Therefore, 

(«* > 4^^) + {di,j > 4^^) e ^ 

for all 1 < z < A^, 1 < j < M . Since djq = 0, we must have , Xq^^^ G Z for 1 < z < and 

therefore (^dij , Xq^^^ G Z for 1 < j < M. This shows that Ci = {xq^\x 4 ) •••)44} extreme 

cycle for (Ri,Ri,Li), and C2 = {xq^\ x^^\ ..., x^^} i® extreme cycle for all {RJ , B {i) , L2) . 
Hence, —Ci C Ai, —C 2 Q A 2 , and —C C (—Ci) x (—C 2 ) C Ai x A 2 . Since A is the smallest set 
which is invariant under R^A + L and which contains —C for all extreme cycles C, we must have 
A C Ai X A 2 . 


Next, we show that Ai x A 2 = A. It suffices to show that Ai x A 2 forms an orthogonal set 
for Indeed, A is a spectrum for /zr^b by Theorem 13.91 This means that A is a maximal 

orthogonal set (i.e. if X' 0 A, the exponential cannot be orthogonal to all exponentials 

with frequencies in A). But A C Ai x A 2 and Ai x A 2 is a mutually orthogonal set, we must have 
A = Ai X A 2 . 
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To show that Ai x A 2 forms an orthogonal set for We Hrst note that as Ai is a spectrum 

for the measure /ri = by Theorem 13.91 Ai is a mutually orthogonal set for /ri. Hence, 

(3.9) /ii(Ai-A;) = 0,VAi/A;GAi. 

We now show that A 2 is a mutually orthogonal set for all /r^. Indeed, for all x = x(m, * 2 , ■■■), 

00 

(3.10) /li2)(A2 - A' 2 ) = n - A' 2 )) 

k=l 

where A 2 / A 2 G A 2 . They can be written as 

(3.11) A 2 =4 ++ ... + {R^r-^im-i + (R^n-xo), 


(3.12) A' = £' + R^£[ + ... + + {R^r'{-x',), 

with ii, G L, xo, x'q extreme cycle points for (i?, B{i),L). From (13.6p . for any p > 1, we can write 

(3.13) - xq = (i?^)^(-Xfc) + ftp + R^ap-i + ... + {R^)^~^ap_k- 

Using ()3.13l) in ()3.11l) . we can write A 2 with as many digits as we want. Similarly, we can do this 
for case of A 2 in (13.1211 and therefore we can take m = m!, and, as A 2 , A 2 are distinct elements, we 
can assume that there exists n < m such that 4 = £ 0 -, ■■■,£n-i = £’n-iAn / 4- Then 

- A'^)) = ms,,,., ((Rlr^dn - o + Mo + {R^r-''-\x - x')) , 

where Mq G and x,x' are extreme cycle points. Prom integral periodicity of (13.71) . 

the above quantity is equal to mB 2 {in)i{R^)~^— 4)) = 0 by the Hadamard triple assumption. 
This implies from (I3.10p that fi^x \£^2 — A 2 ) = 0. 


If now (Ai, A 2 ) / (A'^, A 2 ) G Ai X A 2 , we have, by Lemma [321 

J g2,ri((Ai-ALA2-A'), 

= I e2-^-"i’")/ri2)(A2-A'2)dpi(x). 


(‘2'\ 

As A 2 is a mutually orthogonal set for fix , the term above is equal to 0 if A 2 / A 2 . And if A 2 = A 2 , 
we must have Ai 7 ^ X'l and hence /Ii(Ai — A4 = 0. Thus Ai x A 2 forms an orthogonal set and hence 
completes the proof that Ai x A 2 is a dynamically simple spectrum for (R, B,L). 


Finally, by Theorem 13.91 Ai X A 2 is a spectrum for the self-afRne measure pr,b. Therefore, it 
follows from Theorem O that A 2 is P-almost surely a spectral measure for fi^j. □ 


We now present the proof of Theorem 11.51 

Proof of Theorem \1.5\ (when (i) holds, i.e., the Hadamard triples {R, B{i), L) are on We pick 
a number p G N such that pN 7 ^ R. Define the matrix 

pN 0 
0 R ■ 


R = 
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Let B[i) = i?(i(mod N)) for all i G {0,1, ...,pN — 1}. Here, z(mod N) is the remainder when i is 
divided by N. Let 

B := |(z, d)'^ : i G {0,1,... ,pN — 1}, d G . 

Let L := {0,... ,pN — 1} x L. In each of the coordinates, they form Hadamard triples on 
and hence they must be dynamically simple by Theorem 13.91 We now show that (R, B,L) is also 
dynamically simple, so that Theorem 13.101 is applicable. 

Let Ad be a minimal compact invariant set. Assume that Ad is infinite and Ad is not an extreme 
cycle. Then , by Theorem 13.71 there is a subspace V ^ 'S?, invariant for R, such that Ad is 
contained in a union of finitely many translates of V. Since V is invariant for R, pN ^ R and 

V 7 ^ {0} (V = {0} corresponds to the extreme cycles), the only options are H = M x {0} or 

V = {0} X M. We show that the first case is impossible while the second case implies all Bj are the 
same, which means that Theorem Ol holds trivially. 

Case (i) H = M x{0}. A direct check shows that the hypothesis “(H) modulo V” in Theorem l3.7H iil 
is satisfied with L (See for example [D.T07( Proposition 3.7] for an analogous proof). Applying now 
Theorem l3.7H iiL we deduce the existence of an L-cycle (xo,yo), with digits (ii,£i},..., 

{£j G L, ij G {0,1, ...,pN — 1}) such that 

m 

^ U + V)=:'R 

k=l 

and TZ is invariant. Moreover, every possible transition from yo) + V leads to a 

point in yo) + H for 1 < A: < m, where (fo,4) := {imjm)- 

Let (x,yo) G {xo,yo) + V. Let £ / £m- Then ^i,^i){x,yo) 0 r(i^_£^)(xo, yo) + H, thus the transition 
is not possible so mg(T(j/^£)(x, yo)) = 0 which means 

pN—1 

Y = 0. 

*:=0 d&B{k) 

Let x' := Then 

pN—1 

0 = ^ Y . 

k=0 d&B2{k) 

Since x' can be any real number, the coefficients of this polynomial must be zero: 

Y ^2nidy^ ^ ^ ^ 

d£B{k) 

by the linear independence of the trigonometric polynomials k = 0,1, ...,pN — 1. This 

means that m = 0 for all £ ^ £m and hence |ni^^^j(r£^(yo))| = 1. Since 0 G B{k) we 
have equality in the triangle inequality, so nT,^j^^^(r£^(yo)) = 1. We can do this for all the points in 
the cycle C 2 := {y^ := ... Ti^{yo) : 1 < k < m}, and we conclude that C 2 is an extreme L-cycle 

for all B{k). 
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We now consider v := (x, yk) £ M and the possible transition from v, which must be of the form 
{i 'From the extreme cycle property, we have = 1 and hence 


1 


0 / rn^{r(i',i^_^){x,yk)) = ^ ^B(k) 

^ i=o 


{Vk-i) = 


pN—1 

= E 

j=0 




This holds if and only if x + 0 Z or x + is a multiple of pN. As M is infinite and M C 

r(R,L) = [0,l] X T{R,L), we can assume that x 0 Z. In this case, when i' = 0, 




pV—1 


j=0 


/O. 


Hence the transition is possible and we conclude that {x/pN,yk-i) is in Ai. Iterate this step by 
replacing {x,yk) with {x/pN,yk-i). Taking the limit and using the compactness of Ai, we obtain 
that Ai contains (0, y^) for all k. But that means that Ai contains an L-cycle which is extreme for 
B, and by minimality, it has to be equal to the extreme cycle. That is a contradiction. Thus, V 
cannot be M x {0}. 


Case (ii) V = {0} x M. As before, “(H) modulo H” in Theorem I3.7l iiil is satished and Theorem 
13.71 implies that there exists (xo,yo), and an L-cycle, with digits ..., such that 


m 


A 4 C IJ .. 

k=l 


■Rim,em)ixo,yo) + V) =:7^, 


TZ is invariant and every possible transition from yo) + V leads to a point in 

Rik-i/k-i) ■ + v for 1 < k <m, where (io,4) := {imJm)- 

Take i' ^ im in {0,... ,pN — 1} and ?/ G M. The transition from (xq,?/) to Ri'/){xo,y) is not 
possible and thus 'rnB{T(^i^e){xo,y)) = 0. Then with y' = {y + i)/R, 

pN—1 

«=E 

1=0 deB{j) deUjBU) {j-deB{j)} 


E 




E 


^27ridy' 


E 


27rij ■ 


pN 


Then, all the coefficients are zero so, for all d G and all i' ^ im. 


j.d&B{j) 


But 0 G B{j) for all j so 

pN-i , 

^ g2-l^ = 0 
1=0 

for all i' / im- As the same time, this implies that ~ ^ hence xq = 

(—*m)(niodpA'). Since xq G [0,1] (by Ai C r(R,L) = [0,1] x T{R,L)) we obtain that xq = 0 or 
xo = 1. 
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If xq = 0, then the digits corresponding to this cycle are m = 1 and ii 


j-.deB2{j) 


2nij 




pN = Q 


0. Then we have 


for all i' 7 ^ = 0 and all d G Let Ad{x) := ' Then = 0 for 

all i' G {1, ■ ■ ■ ,pN — 1}. Therefore A^ is divisible by 1 + a; + • • • + x^^~^ and this implies that 
Ad{x) = 1 + X + • • • + . So every d G appears in all B{j). But this means that 

all the sets B{j) are equal and so all = /^_rb(o) which is the self-affine spectral measure. The 
conclusion holds trivially. Similarly, the case xq = 1 follows from the same argument , the cycle 
has digits m = 1 and ii = pN — 1. 


Now, we can see that the only minimal compact invariant sets are extreme cycles. By Theorem 
13.101 with A 2 as defined in its hypothesis, we have that has spectrum A 2 for /ii-a.e. x. Note 
that Pi is the Lebesgue measure. Then has spectrum A 2 for P-a.e. u G {0,... ,pN — 1}^, where 
P is the product probability measure on {0,1,... ,pN — 1}^ that assigns equal probabilities ^ to 
every digit 0,1,... ,pN — 1. Consider now the map 

^ : {0,1 ,... ,piV - 1}^ ^ {0,1 ,... , - 1}^, d>(zii 2 ...) = (ii(mod A^), Z 2 (modA^),...). 

By checking on cylinder sets, note that for any Borel subset of {0,1,... , A^ — 1}^, 

P(L;) = F{^-'^{E)). 

Also, note that for uj = iiZ 2 • • • G {0,1,...,pA" — 1}^, we have p^j = because B 2 {i) = 

B{i{mod N)). Then 

P(a; : p^j has spectrum A 2 ) = P(ti; : has spectrum A 2 ) = P(a; : has spectrum A 2 ) = 1. 

This completes the proof. □ 


Proof of Theorem \1.5\ (when (ii) holds, i.e., each B{i) is a complete set representative of R). Consider 


R = 


N 

0 


0 

R 


, and 


B := {{i,df : i G {0,1,...,A- l},d G B{i)} . 

In this case, the attractor r(R,B) defined in (13.21) is a self-afRne tile and it admits a lattice tiling of 
the form Z X T for some lattice T (See e.g. [LW97a] and [DHLlbl Proposition 4.4, Claim]). Hence, 
it admits a spectrum of the form Z x T with T a dual lattice of T. Hence, Theorem 11.41 shows that 
T is almost surely a spectrum for /r^. 

The final statement in Theorem 11.51 will be proved via the following general lemma. □ 


Lemma 3.11. Let p be a Borel, compactly supported probability measure on Suppose p is 
spectral and the spectrum is a full-rank lattice T. Then p is the Lebesgue measure with support T 
which tiles by the dual lattice T. 
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Proof. Let L = for some integer dxd non-singular matrix A. The dual lattice is f = 

We change the variable to reduce the problem to the case when T = Define the Borel probability 
measure u by 


f{x)di'{x) 


f{A'^x)dn{x), 


for all continuous functions / on Then i/ has spectrum By Lemma [3.41 

1. Thus, 







This shows that v is absolutely continuous with respect to the Lebesgue measure. As u is a spectral 
measure, we must have u = Xsdx for some measurable set S (Theorem 1.5 in [DL14] L S is 

therefore a spectral set with spectrum Z'^. By the well-known theorem of Fuglede |Fug74| , 5 is a 
translational tile by tiling set Z'^. This implies that is the normalized Lebesgue measure on the 
set T := which tiles by (A^)“^Z'^ = f. 

See also |DJ13l Theorem 2.4] for a variation of the proof. □ 


4. Appendix: dynamically simple spectrum 

We will prove Theorem 13.91 in this section. We let A be the orthonormal set generated by the 
extreme cycles for {R, B, L) and 

^ = {io+R’"(- 1 +... {R^Y~^ln-i+{FF)'^{—c) : ^ 0 ) • • • An-i S L,n > 0, c are extreme cycle points} 
the set given in Theorem 13.91 We first prove from definition that they are the same. 

Lemma 4.1. A = A'. In fact, 

A = R^A + L. 

Proof. It is clear that R^K' + L <Z A'. Also, for any extreme cycle points c, there exists unique I 
such that c' = ti{c) is an extreme cycle point. Hence, —c = i + R^{—c!), which implies A' contains 
all extreme cycles. By definition, A C A'. On the other hand, since —c G A, the invariance implies 
that Irn + {—c) G A for all In £ L. Inductively, {R'^)‘^{—c) + R'^in + (-n-i £ A, and in the end, 

4 + R^h + ■■■ {R^T-Hn-i + {R^T{-c) G A, 

for all n. Thus A' C A. This shows A = A'. From the definition of A', it is clear that A = 
R^A + L. □ 

From now on, we will work on the expression A', and for simplicity, we still write it as A. We 
first show the mutually orthogonality of A in ^r^b- 

Proposition 4.2. A is a mutually orthogonal set in fJ-R^B- 

Proof. We need to see whether 

CX) 

A(A-A') = 

k=l 


(4.1) 
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is zero whenever A 7^ A' G A. Now, they can be written as 

(4.2) X = + ... + +{fF)'^{—c)^ 

(4.3) A'=£[)++ - + (^^)™'"^C-i + 

with FF'i £ c, c' extreme cycle points for {R,B,L) (they may be from different cycles). From 
(IMI), for any p > 1, we can write 

(4.4) — c = {—Ck) + cip + iFocp—x + ... + (ylF)^ ^otp—k 

for some digits Ui in L and another extreme cycle point c^. Using (14.4p in (14.2p . we can write A 
with as many digits as we want. Similarly, we can do it for case of X' in ()4.3I) . As A, X' are distinct 
elements, we can assume for some m = m! that there exists n < m such that Iq = -^q, ...,in-i = 

(-'n-lFn F ^n- 

mB{{R^)-^-\X - A')) = ms - O + Mq + [RFT-^-^x - x')) , 

where Mq is some integer vector in TF and x, x' are extreme cycle points. From the integral 
periodicity of ms and ()3.7p . (5, M) G Z and {b , {RF)'^~^~^{x — x')) G Z, The term above is equal 
to •mB{{R!F)~^Fn — ^n)) = 0 by the Hadamard triple assumption. This implies from (14.11) that 
/1(A - A') = 0. □ 

We need an easy geometric lemma. 

Lemma 4.3. Suppose that {R,B,L) is a Hadamard triple and we define rfix) = {F^)~^{x + i). 
Let Br he the closed Euclidean ball centered at origin. Then for r sufficiently large, 

U TfiSr) C Br. 
eel 

Proof. Denote by | • | the Euclidean distance on M'^. Since R is expansive, there exists 0 < c > 1 
such that \{R'^)~^v\ < c|i;| for all v G Let 

M = max{|(i?'^)“^.^| : i £ L} 

and let r > cMfifi — c). Then for all G L and |x| < r, we have 

I'i 7 (a;)| < c(r + M) < r. 

Hence, rfiBr) C Br. This proves the lemma. □ 

Proof of Theorem \3.9[ As mutually orthogonality has been established in Proposition 14.21 we just 
need to show that the set A generated by the extreme cycle is complete. By Jorgensen-Pedersen 
Lemma fLemma 13.4p . we need to show 

Qa(0 ■.= '£m + X)\^ = l, V^GM''. 

AeA 

In fact, Qa < 1 is well-known by mutually orthogonality. We just need to see whether Qa > 1. To 
do this, we define the Ruelle transfer operator 

RfiO ■='^\mB(.TeiC))\‘^fiTi{C)). 
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Using Lemma 1131 we choose r large enough such that the closed ball Br satisfies 

(4.5) U niBr) c Br 

£eL 

and let Cr = min^gg^ Qa{0- Then TZcr = c^. On the other hand, as A satisfies A + L = A by 
Lemma l4.ll we have 

£eL AeA 

=E E +i)+x)\^ = (7^Q^) (o. 

£eL AeA 


Thus, if we define 

fn — Qa Crj 

then TZfn = fn and /„ is an entire function. Consider the set in Br for which Qn attains minimum, 
i.e., 

Mo = {^eBr: fniO = 0 }. 

We note that A4o is a compact invariant set in Br- To show the invariance, we suppose ^ G A4 and 
\'mB{Te{^))\ > 0. As 

0 = fnif) = E \'^B{Ti{0)\‘^fniniO) 

£eL 

and / > 0, fn{Ti{^)) = 0 and hence fniniO) = 0. Because of ([13]), T£{^) G Br- 

Take a minimal compact invariant set Ai C A4o C Br. The crux of the proof is to note that the 
dynamically simple Hadamard triple assumption forees Ai to be an extreme cycle. But extreme 
cycles are contained in A, this in turn shows that there are some points (indeed the whole extreme 
cycle) xq G An A^q. By mutual orthogonality, Qa{xq) = 1, 

/n(xo) = 0, and Cr = Qa{xq) = 1. 

Hence, min^gg^ f5A(0 = 1- But r can be arbitrarily large this shows Qa{0 > 1 for ^ G 

Finally, on M^, the zero set of an entire function must be a discrete set, showing that any minimal 
invariant set contained in Aio must be discrete, which must be an extreme cycle as the subspace 
can only be U = {0} by Theorem 13.71 □ 

The idea of cycle points is also related to the integer points inside a self-affine fractal. A study 
in this direction can be found in [GYn6| . 
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